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Abstract. In this note, we prove that smooth self-shrinkers in R n + , that 
are entire graphs, are hyperplanes. Previously Ecker and Huisken showed that 
smooth self-shrinkers, that are entire graphs and have at most polynomial 
growth, are hyperplanes. The point of this note is that no growth assumption 
at infinity is needed. 



1. Introduction 

In this note, we show that smooth self-shrinkers in R" +1 , that are entire graphs, 
are hyperplanes. A smooth one-parameter family of hypersurfaces, F : (0, T) x 
M n — > IR n+1 , is moving by mean curvature, if 

dF 

where n is the unit normal of M t = F(t, M) and H — div(n). Self-shrinkers repre- 
sent a special class of solutions of equation (jl.ip , which do not change shape under 
mean curvature flow. Namely, for self-shrinkers, a later time slice is a scaled down 
copy of an earlier slice. Self-shrinkers play a crucial role in studying the singular- 
ities of mean curvature flow. For instance, in [TT] and [T5], Huisken discovered a 
monotonicity formula for mean curvature flow and proved that, around the singular 
point (xo,£o)j if the blow-up rate of curvature is bounded above by a multiple of 
1/y/to — t, then the rescaled hypersurfaces moving by mean curvature converge to 
a self-shrinker smoothly. In the recent work of Colding and Minicozzi, they showed 
that the only smooth embedded entropy stable self-shrinkers with polynomial vol- 
ume growth in R n+1 are hyperplanes, n-spheres and cylinders R fc x S n ~ , < k < n, 
and classified the generic singularities of mean curvature flow; see [2] . On the other 
hand, self-shrinkers are minimal hypersurfaces in R n+1 under the conformal metric 
g-ij = exp(— \~x\ 2 /2n)5i 3 ■; see p], [2] and [3]. In minimal hypersurface theory, the 
Bernstein Theorem is one of the most fundamental theorems, and has many im- 
portant applications, such as uniqueness and regularity of minimal hypersurfaces. 
Thus it is natural to ask whether there is a Bernstein type theorem for self-shrinkers. 
Ecker and Huisken studied mean evolution of entire graphs in a series of papers be- 
ginning with [7] in 1989. In particular, they proved in the appendix of [7] that 
smooth self-shrinkers in K™ +1 , that are entire graphs and have at most polynomial 
growth, are hyperplanes. Later, in [H], they derived various interior estimates for 
mean curvature flow and proved the existence of smooth mean envolution of graphs 
with only locally Lipschitz initial data. Also, in [5], Colding and Minicozzi proved 
sharp gradient and area estimates for graphs moving by mean curvature. In this 
note, we study self-shrinkers using the L-stability operator, which was introduced 
by Colding and Minicozzi in [2] and [3] . We give an elementary proof of a Berntein 
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type theorem for self-shrinkers in without assumption of the growth at infin- 

ity and without using gradient or curvature estimates for mean curvature flowQ In 
contrast to the Bernstein theorem for minimal hypersurfaces, which is true only for 
n < 6 (see [14] , [9] and [H)]), our Bernstein type theorem for self-shrinkers holds for 
any n. The proof in section 2 is very simple in any dimension, while the proof of 
the Bernstein theorem for minimal hypersurfaces is complicated even in relative low 
dimension; see [13]. The reason behind this is that smooth self-shrinkers in R n+1 , 
that are entire graphs, have polynomial volume growth as minimal hypersurfaces 
(although the orders of volume growth are different), and a weighted stability in- 
equality (|2.2[) with weight exp(— | x | 2 /4), which makes the right hand side of (|2.2[) 
tending to zero in any dimension by choosing appropriate cut-off functions. 

Throughout we use the subscripts X\, . . . , x n and t to denote derivatives of func- 
tions with respect to x\, . . . , x n and t; ~x is the position vector in uj n is half 
of the volume of the unit n-sphere in R n+1 ; we define 

Vi = (0,...,0,1,0,...,0), 

ith 

where i is an integer and i £ {1, . . . ,n + I}. The main result of this note is that: 

Theorem 1.1. Suppose that the smooth function u(x\, . . . ,x n ) '■ ffi™ — ► K satisfies 
the self-shrinker equation: 

Du \ x\u Xl + • • • + x n u Xn — u 



(1.2) div 



\Du\ 2 2y/l+ \DU 
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where Du = (u Xl , . . . , u Xn ) and \Du\ — u Xi +• • - + u Xn . Then u = a±x\ + ■ ■ - + a n x n 
for some constants a±, . . . , a n G K. 

Remark 1.2. We say that the graph of u in Theorem 1 1.1 1 is an entire graphical self- 
shrinker in M. n+1 and denote Graph u by E. Note that the left hand side of equation 
(|1.2p is minus the mean curvature H of E and the right hand side of equation (|1 .2|) 
is — (x ,n)/2, where n is the upward unit normal of E. Therefore equation (|1.2[) is 
equivalent to 

(1.3) H=±&,n). 

2. Proof of Theorem 11.11 

First, we prove a weighted stability inequality for smooth self-shrinkers in M™ +1 
that are entire graphs. In [2] and [3], Colding and Minicozzi introduced the operator 

(2-1) L = A s -i(!?,V E ) + |A| 2 + i 

which is given by the linearization of the self-shrinker equation. The weighted 
stability inequality in Lemma 1 2 . 1 1 below is equivalent to that — [L — i) > 0. On the 
other hand, they showed that LH = H in Lemma 5.5 of [2]. Let r\ be a smooth and 
compactly supported function on M™ +1 . And suppose that r\ is identically one on 
Br and cuts off linearly to zero on -Br+i \ Br, where Br is the open ball in IR ra+1 



4t follows from Lemma 12.31 in the next section and the interior gradient estimate in [8] and 
[5] that the gradient of entire graphical self-shrinkers is bounded. Thus the proposition in the 
appendix of [7] applies. However, the point of this note is to give an elementary proof of a Bernstein 
type theorem for self-shrinkers, which parallels the Bernstein theorem for minimal hypersurfaces. 
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centered at the origin with radius R > 0. Thus, similar to the computation in the 
appendix of [3], we get 

_i f rf^e-^ < - f nHL(nH)c~ l ~^~ < - f tf 2 C -^ + [ tf 2 e"^ 

Hence, if self-shrinkers have polynomial volume growth and let R — > oo, then it 
follows from the monotone convergence theorem that H = 0. And the only smooth 
embedded minimal cones in R™ +1 are hyperplanes. 

Lemma 2.1. Let rj be a smooth compactly supported function on R" +1 . Then 

(2.2) / rf\A\\~^ < / |V s?7 | 2 e-^, 

Js is 

where A = (dij) is the second fundamental form of E in M ,l+1 and V s is the 
gradient of a function with respect to E. 

Proof. Let / = (n, v n+ \). Colding and Minicozzi showed that Lf = |/ in Lemma 
5.5 of [2]. For self-containedness, we include the proof here. Indeed, at any 
point x G E, choose a local geodesic frame e±, . . . ,e n , that is, (ej,ej) = (5^ and 
V^ej(^) = 0. Thus, 

n n 

Vs/ = y^(V e .n,t? n+ i)ej = -a 4J -(e^f n+ i)e 4 , 
£= 1 i)i = i 

n n 

A s / = y^(V e ,V e ,n,i> n+ i) = -Qij ; i(ej,t>n+i) - ajj (V e^j , v n +i) 
i=l i,j'=l 

= (V E i2> n+ i) - l^| 2 <n,t' n+ i), 



where H = — a " ^ s the mean curvature of E. Since E is self-shrinkcr, i.e. 
i? = k( a?, n), thus, 

_^ n \ n 

(2.3) V E H = -^(i,V e ,n)e, = -- ^ M^ e j) e *- 



2 ' ' " 2 

i — 1 i)J = l 

Hence, 

(2.4) A s / = ~0?, V E /)-|A| 2 /. 

Note that the upward unit normal of E is 

(-£>«,!) 



(2.5) 



and thus / = (n, = l/\/l + |L>w| 2 > 0. Hence, the function g = log/ is well 

defined and g satisfies the differential equation 

(2.6) A s g - 1(1?, V s5 ) + |V s5 | 2 + |A| 2 = 0. 
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Multiplying by rfe ~ on both sides of equation (|2.6|) and integrating over E, 
gives 

= j r? 2 div s ^V s9 j + if (|V S . 9 | 2 + |A| 2 ) e~~ ' 



= - [ 2r 7 (V s ?7,V S 5)e-^+ / t? 2 (|V s3 | 2 + \A\ 2 ) e"^ 
JE Je 

> - / s (^|VE. 9 | 2 + |V s r,| 2 )e-^+ j r? (| V s3 | 2 + |A| 2 ) e"^ 
(-|V sJ7 | 2 +7? 2 |A| 2 )e-^. 



E 

□ 

Second, we study the volume growth of entire graphical sclf-shrinkers. Let Br 
be the open ball in R™ +1 centered at the origin with radius R, and Br be the open 
ball in R n centered at the origin with radius R. Also, we define Mr = sup B 
We show that 

Lemma 2.2. There exists a constant Cq > 0, depending only on n, such that 

(2.7) Vol(E n Br) < C Q R n (l + R n + Mr), 
where Vol stands for volume. 

Proof. First, using the pull back of n induced by the projection ir : Br, x R — > Br, 
we extend the vector field n on the cylinder Br x M.. Let u> be the n-form on the 
cylinder Br x R given by that for any X\ . . . , X n £ R" +1 , 

(2.8) u(X 1 ,...,X n ) = det(X 1 ,...,X n ,n). 

Then, in coordinates (a^, . . . , x n+ i), we have 
(2-9) 

dxi A • • • A dx n — J2i=i(~l) mu Xidxi+i A • • ■ A dx n +\ A dx\ A • ■ • A dxi-i 

W= V l + \ Du \ 2 ' 

and 

(2.10) du = (-l)" +1 div [ DU ) dx x A • • • A dx n+1 

V V 1 + |£>"l 2 / 

V ' 2^1+|^| 2 
By the Holder inequality, 

(2.11) \du\ < l -^xl + --- + xl + u\ 

and by (|2.8|) , given any orthogonal unit vectors X\ , . . . , X n at a point (xi , . . . , x n+ i) , 

(2.12) \u(X x ,...X n )\<\, 
where the equality holds if and only if 

(2-13) X\, . . . , X n £ T( Xu ,.. tXnt u(xi ,...,x n ))E. 

For minimal graphs, where (ko = 0, such an u> is called a calibration; see page 3 
in [4] . Note that 8Br n E divides 5 -Br into two components and let 8B R be the 



A BERNSTEIN TYPE THEOREM FOR SELF-SIMILAR SHRINKERS 



5 



component which has volume at most equal to uj n R n . Let fl be the region enclosed 
by dB R U S. Hence, by Stokes' Theorem^ 



Vol(S n B R ) < / u = / u + / duj 
< No\(dB R )+ l -J^Jx\ 



2 + hij+ii 2 . 

Since fl is contained in the cylinder Ct = Br x [— max{i?, Mr}, max{i?, Mr}], we 
conclude that 

(2.14) Vol(S n B R ) < w n R n + \ f(R + Mr) < w n R n + uj n R n {R + Mr) 2 . 
Therefore, 

(2.15) Vol(S n B R ) < 2u n R n (l + R 2 + M%), 

and Co = 2u) n . □ 

Third, we use the maximum principle for the mean curvature flow to bound the 
L°° norm of u on Br. 

Lemma 2.3. Suppose that R > 1. Then there exists a constant C\ > 0, depending 
on n and M 2 ^, such that Mr < C\R. In particular, entire graphical self-shrinkers 
have polynomial volume growth. 

Proof. Define 
(2-16) 

w{xi, ...,x n ,t) = \]R 2 + l-t ■ u (xt/y/R 2 + l-t, . . .,x n /\/R 2 + 1 - tj , 
where t E [0, R 2 ]. We derive the evolution equation of w: 

(2.17) ^ = VTTpIf-div / D ' r ' 



dt \^l + \Dw\ 2 J 

Thus {S t = Graph^. t )}t>o is a smooth family of hypersurfaces in M" +1 mov- 
ing by mean curvature (after composing with appropriate tangential diffeomor- 
phisms). Similar to the arguments of Lemma 3 in [5] and [BJ, we construct suit- 
able open balls as barriers. Let p > be some constant to be chosen later 
and a + = sup B R w(xi, . . . , x n , 0) + pR + 1. Consider the open ball Bq cen- 
tered at (0, . . . , 0, a + ) with radius pR. It is easy to check that x\ + ■ ■ ■ + x 2 + 
(w(xi, . . . , x n , 0) — a+) 2 > pR, for any {x\, . . . , x n ) € M™. Thus B$ and S are 
disjoint. Let Bf be the open ball in centered at (0, ...,0, a + ) with radius 

Rf = y/ p 2 R 2 — 2nt. Thus {dB^~} t >o is a smooth family of hypersurfaces mov- 
ing by mean curvature and it shrinks to its center at T = p 2 R 2 /2n. We choose 
p 2 > 2n + 1 to guarantee that d-B f + is not contained in the cylinder Br x R, for 
i £ [0,i? 2 ]. By the maximum principle for the mean curvature flow, S t and 
are always disjoint for t G [0, i? 2 ]. Indeed, assume that To is the first time that 
St an d dB^ o are not disjoint. Note that at every time t, the distance between E t 
and dB^~ can be achieved by a straight line segment perpendicular to both £ t and 



^we choose the orientation of £ to be compatible with the upward unit normal and the orien- 
tation of dBn to be compatible with the inward unit normal. Thus the orientation of Q is chosen 
such that the orientation of c?f! induced from Q coincides with that we just defined above. 
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dBf . And outside B2 P r x K, the distance between St and dBf is larger than pi?. 
Thus at To, Et touches dB^ o at some point Xo € K™ +1 , and for i close to To, E t 
and dBf can be written as graphs over the tangent hyperplane of £t at So in a 
small neighborhood of xq. Thus for t close to To, the evolution equations of the 
corresponding graphs are locally uniformly parabolic. Hence, the assumption vio- 
lates the maximum principle for uniformly parabolic partial differential equations. 
This is a contradiction. Therefore, we get the upper bound for w at time t = R 2 : 



sup w{x\ , . . . , x n , R 2 ) < a + — \/ p 2 — 2n — 1 • R 



B 



n 



< sup w(x±, . . . , x n , 0) + pR + 1 — \/ p 2 — 2n — 1 • R 

B pR 



< sup w(x±, . . . , x n , 0) + V2n + li? + 1. 
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Similarly, define a — infg pR w(x\, . . . , x n , 0) — pR — 1 and compare E t with dB t , 
which is centered at (0, . . . , 0, a~) with radius R± = \J p 2 R 2 — 2nt. Therefore, 



(2.18) inf w(xi, . . . , x n , R ) > inf w(xi, . . . , x n , 0) — \/2n + 1R — 1. 

In sum, 



(2.19) sup M(xi, ■ • • > x n, R 2 ) < sup |u>|(xi, ...,x n ,0) + \j2n + IR + 1. 

B H B pR 

Note that it;(xi, . . . , x„, i? 2 ) = u(xi, . . . , x n ) and 

(2.20) io(xi,... J ar n ,0) = VR 2 + 1 ■ w(xi/Vi? 2 + 1, . . . , x n /^/R 2 + 1). 
Thus, by inequality (|2.19|) and the assumption that R > 1, we conclude that 



(2.21) sup \u\ < 2(sup M + y/2n + 1)R. 

B R B d 



Hence, choosing p — 2^/n and C\ — 2(sup Bp \u\ + \j2n + 1), gives Mr < C\R . □ 

Finally, we choose a sequence of Rj — > oo and a sequence of smooth cut-off 
functions rjj , which satisfies that < T)j < 1, ??j is 1 inside _Br and vanishes 
outside Br.+i, and |Vs%| < |£>?7j| < 2. By the polynomial volume growth of S, 
we get that as j — > oo, 

(2.22) / iVs^fe"^ 1 < f 2e"^^0. 

Jsn(B„ 3+1 \s Hj .) 

Hence, by the weighted stability inequality for £ and monotone convergence theo- 
rem, we conclude that 



(2.23) J \A\ 2 e — — =o. 

Therefore, \A\ = and u = a\X\ + • ■ • + a n x n for some constants a\, . . . , a n € 



Acknowledgement The author would like to thank her advisor Prof. Tobias 
Colding for continuous encouragement and many useful suggestions for the revision 
of the manuscript of this note. 



A BERNSTEIN TYPE THEOREM FOR SELF-SIMILAR SHRINKERS 



7 



References 

[1] S.B. Angenent. Shrinking doughnuts. In Nonlinear diffusion equations and their equilibrium 
states, 3 (Gregynog, 1989), Progr. Nonlinear Differential Equations Appl. 7., pages 21-38. 
Birkhuser Boston, Boston, MA, 1992. 

[2] T.H. Colding and W.P. Minicozzi. Generic mean curvature flow I; generic singularities. 
preprint, available at arXiv:0908.3788. 

[3] T.H. Colding and W.P. Minicozzi. Smooth compactness of self-shrinkcrs. to appear in Com- 
ment. Math. Helv. 

[4] T.H. Colding and W.P. Minicozzi. Minimal surfaces, volume 4 of Courant Lecture Notes in 
Mathematics. New York University, Courant Institute of Mathematical Sciences, New York, 
1999. 

[5] T.H. Colding and W.P. Minicozzi. Sharp estimates for mean curvature flow of graphs. J. 

Heine Angew. Math., 574:187-195, 2004. 
[6] K. Ecker. Regularity theory for mean curvature flow, volume 57 of Progress in Nonlinear 

Differential Equations and their Applications. Birkhuser Boston, Inc., Boston, MA, 2004. 
[7] K. Ecker and G. Huiskcn. Mean curvature evolution of entire graphs. Ann. of Math. (2), 

130(3) :453-471, 1989. 

[8] K. Ecker and G. Huiskcn. Interior estimates for hypcrsurfaccs moving by mean curvature. 

Invent. Math., 105(3):547-569, 1991. 
[9] E. Bombieri, E. De Giorgi and E. Guisti. Minimal cones and the bernstein problem. Invent. 

Math., 7:243-268, 1969. 

[10] E. Bombieri, E. De Giorgi and M. Miranda. Una maggiorazionc a priori relativa alle ipersu- 
perfici minimali non paramctriche. Arch. Rational Mech. Anal., 32:255—267, 1969. (Italian). 

[11] G. Huisken. Asymptotic behavior for singularities of the mean curvature flow. J. Differential 
Geom., 31(l):285-299, 1990. 

[12] G. Huisken. Local and global behaviour of hypcrsurfaccs moving by mean curvature. In 
Differential geometry: partial differential equations on manifolds (Los Angeles, CA, 1990), 
Proc. Sympos. Pure Math. 54- Part 1., pages 175-191. Amer. Math. Soc, Providence, RI, 
1993. 

[13] R. Schoen, L. Simon and S.T. Yau. Curvature estimates for minimal hypersurfaces. Acta 

Math., 134(3-4):275-288, 1975. 
[14] J. Simons. Minimal varieties in Ricmannian manifolds. Ann. of Math. (2), 88:62-105, 1968. 

Mathematics Department, Massachusetts Institute of Technology, 77 Massachusetts 
Avenue, Cambridge, MA 02139. 

E-mail address: luwang<Smath.mit.edu 



